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THE BEURLING-TYPE THEOREM IN THE BERGMAN SPACE
A2
α
(D) FOR ANY −1 < α < +∞
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Abstract. In this paper, we show that the Beurling-type theorem holds
in the Bergman space A2
α
(D) for any −1 < α < +∞. That is, every
invariant subspace H for the shift operator S on A2
α
(D) (−1 < α < +∞)
has property H = [H ⊖ zH]S .
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1. Introduction
It is well known that the structural theory of invariant subspaces for the
shift operator on Bergman spaces is so complicated that very little is known.
In this area the most famous result is due to A. Aleman, S. Richter and
C. Sundberg [1], who shown that every invariant subspace H for the shift
operator S on the Bergman space A2(D) has the property
H = [H ⊖ zH]S ,
where [H ⊖ zH]S denotes the smallest invariant subspace for the shift oper-
ator S and it contains H ⊖ zH. In this case, it is often said that the Beurling-
type theorem holds in the Bergman spaces A2(D)(= A2
0
(D)). Later S.M. Shi-
mor [7] and [8] shown that the Beurling-type theorem holds in the Bergman
space A2
α
(D)(−1 < α < 0) and A2
α
(D)(0 < α ≤ 1), respectively.
But when α > 4, there are examples of zero-based invariant subspace
H for the shift operator S on A2
α
(D) where extremal functions (elements of
H ⊖ zH) may have extra zeros (see [5], see also [8] p.1779). Based on
this and other results, it is conjectured that when α > 1, the Beurling-type
theorem may fail in A2
α
(D), at least remains open (cf. [7] p.186, [8] p.1779,
[4] p.187 and so on).
In this paper, we show that the Beurling-type theorem holds in the Bergman
space A2
α
(D) for any −1 < α < +∞. That is, every invariant subspace H for
the shift operator S on A2
α
(D) (−1 < α < +∞) has property H = [H ⊖ zH]S .
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2. preliminary
For convenience, we first recall some basic concepts and facts used in
this paper.
Let D denote the open unit disk of the complex plane. Let −1 < α < +∞
and let A2
α
(D) be the (standard weighted) Bergman space defined by
A2
α
(D) = { f : f (z) =
∞∑
n=0
anz
n
, z ∈ D,
∞∑
n=0
ωn|an|
2
< +∞},
with the norm
‖ f ‖ =

∞∑
n=0
ωn|an|
2

1
2
, f (z) =
∞∑
n=0
anz
n ∈ A2
α
(D),
and the inner product
〈 f , g〉 =
∞∑
n=0
ωnanbn, f (z) =
∞∑
n=0
anz
n ∈ A2
α
(D), g(z) =
∞∑
n=0
bnz
n ∈ A2
α
(D),
where
ωn =
n!Γ(2 + α)
Γ(n + 2 + α)
=
n!
(n + 1 + α)(n + α) · · · (2 + α)
,
while Γ(s) stands for the usual Gamma function. In particular, when α =
0, the (standard weighted) Bergman space A2
0
(D) is exactly the (classical)
Bergman space A2(D).
It is well known that the shift operator S on A2
α
(D)(−1 < α < +∞) is
defined by
(S f )(z) = z f (z), f ∈ A2
α
(D).
Let (X, 〈·, ·〉) be a Hilbert space and let M is a closed linear subspace of X.
Let B be a bounded linear operator on X. If BM ⊂ M, then M is called an
invariant subspace for B. If Y ⊂ X, then [Y]B denoted the smallest invariant
subspace for B and it contains Y .
Moreover, if 〈Bx, x〉 ≥ 0 for all x ∈ X, then B is called a positive operator
on X. It is well known that every positive operator B on a complex Hilbert
space X is self-adjoint, and that if a positive operator B is bijective (invert-
ible) from a complex Hilbert space X onto self, then the inverse operator
B−1 is also positive, so it is self-adjoint.
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3. The main result
Theorem 1. Let S be the shift operator on the Bergman space A2
α
(D) (−1 <
α < +∞). If H is an invariant subspace for S , then
H = [H ⊖ zH]S .
Proof. Since A2
α
(D) (−1 < α < +∞) is a Hilbert space and since H is
a closed linear subspace of A2
α
(D), it follows that H can be regarded as a
Hilbert space with the inner product of A2
α
(D). Let T be the restriction of
the shift operator S to its invariant subspace H, that is,
(T f )(z) = (S |H f )(z) = z f (z), f ∈ H.
Then T is a bounded linear operator from the Hilbert space H into self. It is
easy to see that
[H ⊖ zH]S = [H ⊖ S H]S = [H ⊖ T H]T .
To show Theorem 1, it therefore suffices to prove
H = [H ⊖ T H]T (1)
(cf. [7] p.147-150, [3] P.276-277, [4] p.185-186, and so on).
Next, it is easy to see that
‖T f ‖2 =
∥∥∥∥∥∥∥
∞∑
n=0
anz
n+1
∥∥∥∥∥∥∥ =
∞∑
n=0
ωn+1|an|
2
=
∞∑
n=0
n + 1
n + 2 + α
ωn|an|
2
≥
∞∑
n=0
1
3 + α
ωn|an|
2
=
1
3 + α
‖ f ‖2. (2)
for each f (z) =
∑∞
n=0 anz
n ∈ H. This implies that T is a bounded below
linear operator from the Hilbert space H into self, so that T is injective and
has a closed range T H. Therefore T H is a closed linear subspace of the
Hilbert space H.
The proof of Theorem 1 is divided into three steps.
(a). Production of the auxiliary operator A.
To this end, we first show that T ∗T is a bijection from the Hilbert space
H onto self. We now show that the the operator T ∗T is an injection (one-
to-one) from H into self. In fact, suppose T ∗T f = 0 for some f ∈ H.
Then
‖T f ‖2 = 〈T f , T f 〉 = 〈 f , T ∗T f 〉 = 0.
So T f = 0. Also, since T is injective, it follows that f = 0. Consequently
T ∗T is injective. Next we show that the operator T ∗T is a surjection from
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H onto self. In fact, suppose g ∈ (T ∗T H)⊥, that is, 〈g, T ∗T f 〉 = 0 for all
f ∈ H. In particular, we have
‖Tg‖2 = 〈Tg, Tg〉 = 〈g, T ∗Tg〉 = 0.
So Tg = 0. Again, since T is injective, it follows that g = 0. Consequently
(T ∗T H)⊥ = {0}. For convenience, write M = T ∗T H. Then M is a linear
subspace of the Hilbert space H. Therefore, it follows that M⊥ = {0} if and
only if M = H. Thus by (T ∗T H)⊥ = {0}, we have T ∗T H = H. To show
that T ∗T H = H, it therefore suffices to prove that T ∗T has a closed range.
Indeed, since
‖T f ‖2 = 〈T f , T f 〉 = 〈 f , T ∗T f 〉 ≤ ‖ f ‖‖T ∗T f ‖
for all f ∈ H, it follows from (2) that
‖T ∗T f ‖‖ f ‖ ≥ ‖T f ‖2 ≥
1
3 + α
‖ f ‖2,
so ‖T ∗T f ‖ ≥ 1
3+α
‖ f ‖ for all f ∈ H. Hence T ∗T is a bounded below linear
operator form the Hilbert space H onto self. Hence it has a closed range.
Consequently, T ∗T is a bijective bounded linear operator from the Hilbert
space H onto self, that is, it is invertible. Moreover, it is easy to see that
the operator T ∗T is a positive operator on H, hence its inverse operator
(T ∗T )−1 is a positive operator on H, so (TT ∗)−1 is a self-adjoint bounded
linear operator from the Hilbert space H onto self.
Now, we can define the auxiliary operator A on the Hilbert space H by
Ag = T (T ∗T )−1g, g ∈ H.
It is clear that A is bounded linear operator on the Hilbert space H. More-
over, since the operator (T ∗T )−1 is self-adjoint, it follows that
A∗ = (T (T ∗T )−1)∗ = ((T ∗T )−1)∗T ∗ = (T ∗T )−1T ∗. (3)
Next, we give an explicit expression of the operator A. By the definition,
for any f (z) =
∑∞
n=0 anz
n ∈ H and any g(z) =
∑∞
n=0 bnz
n ∈ H, we have
T f (z) =
∞∑
n=0
anz
n+1
=
∞∑
n=1
an−1z
n
,
so
〈 f , T ∗g〉 = 〈T f , g〉 =
∞∑
n=1
ωnan−1bn =
∞∑
n=0
ωn+1anbn+1
=
∞∑
n=0
n + 1
n + 2 + α
ωnanbn+1.
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This implies that
T ∗g =
∞∑
n=0
n + 1
n + 2 + α
bn+1z
n
, g(z) =
∞∑
n=0
bnz
n ∈ H.
Consequently, we have
T (a0+a1z+a2z
2
+· · ·+anz
n
+· · · ) = a0z+a1z
2
+a2z
3
+· · ·+an−1z
n
+anz
n+1
+· · · ,
T ∗(b0 + b1z + b2z
2
+ · · · + bnz
n
+ · · · )
=
1
2 + α
b1 +
2
3 + α
b2z +
3
4 + α
b3z
2
+ · · · +
n
n + 1 + α
bnz
n−1
+
n + 1
n + 2 + α
bn+1z
n
+ · · · ,
T ∗T (a0 + a1z + a2z
2
+ · · · + anz
n
+ · · · )
=
1
2 + α
a0 +
2
3 + α
a1z +
3
4 + α
a2z
2
+ · · · +
n
n + 1 + α
an−1z
n−1
+
n + 1
n + 2 + α
anz
n
+ · · · .
Also, since (T ∗T )−1T ∗T = IH where IH denote the identity operator on H,
It follows that
(T ∗T )−1(b0 + b1z + b2z
2
+ · · · + bnz
n
+ · · · )
= (2 + α)b0 +
3 + α
2
b1z +
4 + α
3
b2z
2
+ · · · +
n + 1 + α
n
bn−1z
n−1
+
n + 2 + α
n + 1
bnz
n
+ · · · ,
so
Ag(z) = T (T ∗T )−1(b0 + b1z + b2z
2
+ · · · + bnz
n
+ · · · )
= (2 + α)b0z +
3 + α
2
b1z
2
+
4 + α
3
b2z
3
+ · · · +
n + 1 + α
n
bn−1z
n
+
n + 2 + α
n + 1
bnz
n+1
+ · · · ,
A2g(z) = (A(Ag))(z)
=
3 + α
2
· (2 + α)b0z
2
+
4 + α
3
·
3 + α
2
b1z
3
+ · · · +
n + 2 + α
n + 1
·
n + 1 + α
n
bn−1z
n+1
+ · · · ,
· · · · · ·
Amg(z) = cm,αb0z
m
+ cm+1,αb1z
m+1
+ · · · , g(z) =
∞∑
n=0
b0z
n ∈ H, (4)
· · · · · ·
where m = 1, 2, · · · , while cm,α, cm+1,α are some constants which are depen-
dent on m and α.
(b). Properties of the auxiliary operator A.
Property 1. AnH is a closed linear subspace of the Hilbert space H for
each n = 1, 2, · · · .
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In fact, by the above formula, we have
Ag(z) =
∞∑
n=0
n + 2 + α
n + 1
bnz
n+1
, g(z) =
∞∑
n=0
bnz
n
,
so
‖Ag‖2 =
∞∑
n=0
ωn+1
(
n + 2 + α
n + 1
|bn|
)2
=
∞∑
n=0
n + 2 + α
n + 1
ωn|bn|
2 ≥
∞∑
n=0
ωn|bn|
2
= ‖g‖2
for every g ∈ H. Hence
‖A2g‖ = ‖A(Ag)‖ ≥ ‖Ag‖ ≥ ‖g‖, g ∈ H.
In general, we have
‖Ang‖ ≥ ‖g‖, g ∈ H, n = 1, 2, · · · .
That is, the operator An is bounded below from the Hilbert space H into
self for each n = 1, 2, · · · . Therefore AnH is a closed linear subspace of the
Hilbert space H for each n = 1, 2, · · · .
Property 2.
∞⋂
n=1
AnH = {0}.
In fact, if not, then there is at least a nonzero function f0 in H such that
f0 ∈ A
nH, n = 1, 2, · · · .
This implies that f0(z) = A
ngn(z) for some gn ∈ H and for each n = 1, 2, · · · .
Thus by (4), we have
f0(z) = z
nhn(z), n = 1, 2, · · · ,
where hn(z) is an analytic function in the open unit disk D on the complex
plane. Consequently, f0(z) has a zero of n order at the origin for each n =
1, 2, · · · , which contradicts the fact that any nonzero analytic function can
have at most a zero of finite order at the origin.
Property 3. E = H ⊖ T H. Then
ker(A∗)n ⊂ E + T E + · · · + T n−1E, n = 1, 2, · · · . (5)
To prove (5), we first show that E = kerT ∗, which can be obtained by
g ∈ E = H ⊖ T H ⇔ 〈T f , g〉 = 0 for all f ∈ H ⇔ 〈 f , T ∗g〉 = 0 for all
f ∈ H ⇔ T ∗g = 0⇔ g ∈ kerT ∗.
Next, by (3) we have
A∗T = (T ∗T )−1T ∗T = IH, (6)
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where IH denote the identity operator on the Hilbert space H. For each
g ∈ T H, there is an f ∈ H such that g = T f . Thus by (6) we have
T A∗g = T A∗T f = T f = g, g ∈ T H. (7)
On the other hand, since E = kerT ∗, it follows that T ∗E = {0}. Thus by (3)
we obtain
T A∗g = T (T ∗T )−1T ∗g = 0, g ∈ E. (8)
Since T H is a closed linear subspace of the Hilbert space H and since H =
T H ⊕ E, it follows from (7) and (8) that PT H = T A
∗ and
PE = IH − PT H = IH − T A
∗
,
where PT H and PE denote the orthogonal projection operators from the
Hilbert space H onto its closed linear subspaces T H and E, respectively.
Consequently, we have
T kPE(A
∗)k = T k(A∗)k − T k+1(A∗)k+1, k = 0, 1, 2 · · · .
Therefore
n−1∑
k=0
T kPE(A
∗)k
= [IH − T A
∗] + [T A∗ − T 2(A∗)2] + · · · + [T n−1(A∗)n−1 − T n(A∗)n]
= IH − T
n(A∗)n.
Now, let g ∈ ker(A∗)n. Then (A∗)ng = 0. Noting that PE(A
∗)kg ∈ E (k =
0, 1, 2, · · · ), we have
g = [IH − T
n(A∗)n]g =
n−1∑
k=0
T kPE(A
∗)kg ∈
n−1∑
k=0
T kE = E + T E + · · · + T n−1E.
That is, ker(A∗)n ⊂ E + T E + · · · + T n−1E for each n = 1, 2, · · · .
(c). Proof of the expression (1).
By Property 1, AnH is a closed linear subspace of the Hilbert space H for
each n = 1, 2, · · · . Thus by the projection theorem, for each f ∈ H and each
n = 1, 2, · · · , we can uniquely write
f = gn + hn, (9)
where gn ∈ A
nH and hn ∈ (A
nH)⊥. By Property 3,
hn ∈ (A
nH)⊥ = ker(A∗)n ⊂ E + T E + · · · + T n−1E ⊂ [E]T , (10)
where E = H ⊖ T H, while [E]T denotes the smallest invariant subspace for
the operator T and it contains E. Moreover, by (9) we have
‖ f ‖2 = ‖gn‖
2
+ ‖hn‖
2
, n = 1, 2, · · · .
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So ‖gn‖ ≤ ‖ f ‖ for each n = 1, 2, · · · , that is, {gn} is bounded sequence in the
Hilbert space H. Hence there is a subsequence {gnk} of {gn} such that {gnk}
converges weakly to some element g ∈ H, that is
〈gnk ,w〉 → 〈g,w〉.
for every w ∈ H as k → ∞.
We now show that g = 0. To this end, suppose on the contrary that g , 0.
But by Property 2,
⋂∞
n=1 A
nH = {0}, so
g <
∞⋂
n=1
AnH.
This implies that there is at least a positive integer m such that g < AmH.
Again by the projection theorem, g can be uniquely written as
g = u + v,
where u ∈ AmH and v ∈ (AmH)⊥. Since g < AmH, it follows that v , 0
(otherwise, g = u ∈ AmH). Therefore, we have
〈g, v〉 = 〈u + v, v〉 = 〈v, v〉 = ‖v‖2 , 0.
On the other hand, gnk ∈ A
nk H ⊂ AmH for all nk ≥ m, so 〈gnk , v〉 = 0 for all
nk ≥ m. Consequently,
0 = lim
k→∞
〈gnk , v〉 = 〈g, v〉 , 0.
This is a contradiction. Therefore we conclude that the weak limit g = 0.
By the basic theory of the Banach space (for example, Corollaries 2.5.18
and 2.5.19 of [6] p.216-217), it follows that if sequence {gk} in a normed
space G converges weakly to some g ∈ G, then there is a sequence {uk} of
convex combinations of members of {gk : k = 1, 2, · · · } which converges to
g in the norm of G. Thus we can assume that
uk = ck1gnk1 + ck2gnk2 + · · · + cklgnkl → 0
as k → ∞ in the norm of H, where ck1 , ck1 , · · · , ckl are nonnegative real
number with ck1 + ck1 + · · · + ckl = 1, while gnk1 , gnk2 , · · · , gnkl are some
members of {gnk : k = 1, 2, · · · }.
On the other hand, by (9) and (10), we have
f = gnk j + hnk j , j = 1, 2, · · · , l,
where gnk j ∈ A
nk j H, hnk j ∈ (A
nk H)⊥ ⊂ [E]T . Write
vk = ck1hnk1 + ck2hnk2 + · · · + cklhnkl .
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Then vk ∈ [E]T and
f = (ck1 + ck1 + · · · + ckl) f
= ck1(gnk1 + hnk1 ) + ck2(gnk2 + hnk2 ) + · · · + ckl(gnkl + hnkl ) = uk + vk.
Also, since uk → 0 as k → ∞ in the norm of H, it follows that
f = lim
k→∞
( f − uk) = lim
k→∞
vk ∈ [E]T ,
where the limit is taken in the norm of H (i.e. in the norm of A2
α
(D)(−1 <
α < +∞)). Consequently, H ⊂ [E]T . Hence,
H = [E]T = [H ⊖ T H]T = [H ⊖ S H]S = [H ⊖ zH]S .
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